Statistical Inference-Il

Testing

Best critical region :-

If A, A, A,,..., A, are the finite number of critical region of size “a” then the critical region

having
i) Minimum type Il error .

ii) Power of test based on critical region which is maximum is called best critical region or
most powerful region. Amongest all the critical region of size “a”,one for which 1-B is
maximum is called best critical region.

Most powerful test (MPT):-

o _ 0n;

The test based on best critical region of size “a”is called most powerful test. A good test is
that for which

n
i) TT 6, =PIReject H%' Is true]=a
i=1 0

ii) : 0, =P[Reject Ho/ Is false]=1-B

Neyman Pearson Lemma :-

let X,, X,, X;,...., X, be a sample from f(x;8) then its likelihood function L.H.F is

L(X:0)=T] f(X:0)

Suppose §, and 6, are two distinct fixed values of ‘©’, K be a positive constant “C*” is a

subset of sample space ‘S’ such that

i)MS VX eC”
L(X;6,)

ii)Mz K VX eC”
L(X;6,)

i) P(XeC)=a

Letd, and @, are two distinct values. A test corresponding to C* is the most powerful test of

(.

a.



Procedure :-

Whit the p.d.f of the distribution take its likelihood function .if we are testing H, : 6 = 6,
and H, orH, : @ =1 . Then obtain likelihood function L(H,)and L(H,).

The Neymen Pearson Lemma is

L(H,)
L(H,)

<K

Where ‘K’ is any constant to test the hypothesis define either of the two critical

Taking likelihood function

np DX
L(X;u)=% H7 /
1j[1X!

Now taking likelihood function atH : u = y,

) e*”/lo ZX
L(X; ) =" 7 /,
EX!

And likelihood functionat H, : 1= g4

—Ny ZX
L(X;,ul)=e # n
_li[1X!

By Neymen Pearson Lemma theorm

L#H) _
L(H,) -

s ,uoz "

1 X!
=l < Ka

e ,Ulzx ]
IT X!
i-1

e ﬂozx

— < Kea
einyllulzx

(ﬂ)ZX p Mot < K o

Hy

y2 X ka
(o)X < e

ﬂ]_ e /0 :ll

(ﬂ)zx < ke Mot

Hy

Taking log on both sides



Log(Z2)2* < log[ kae ™o+ ]

Hy

> XLog (ﬁ) <log ke + log e ™0™

Hy

> X[Logu, —log ] <log ke + ey —npy

L)X =nX

If 6, <6,then

Ysl[log ka +ng, —nuly
n [log £, —log 14 ]

Where

Cr< 1[log ke +npy —npy ]
n [log 4 ~log 1]

SO

X <cC”

If 6, > 6,then
== 1

— X[Logy, —log 1] < H[Iog ka+nuy —nu, ]
v 1 Neg—n

— X[Logu, —log x4]< H[Iog ko™ ]

Multiply ‘-1’ throughout the equation

X[Logu, ~10g 41,2 — = [log kae™ ™ ]
n

v < L[log kee ”““”My
X>-=
n [Logﬂl —log /Jo]

Where
'~ _1[log kae””‘]””ly
C'>-=
n [LOglul —log ,uo]
SO
X >C’

Question 2

let X,, X,, X;,...., X, be a random sample of size ‘n’ from a normal distribution with mean

zero and variance o °. Find the best critical region of size a=0.05 . for testing H o o’ =1

.2 C 2
vs Hy 10" = 2. In this best critical region of size a=0.05 . for testing Hyto® =1 S

.2
Hi:0" =4 Also find power of test .



Solution
AS X ~ N(0,0_z)

1 _E(E)Z

f(X;0,6%) = g2

o\27

Then likelihood function is

N
L(XJO,UZ)Z(E)H(E)HQ 2o

As H,:0% =1

)= (e

AsH,:0%=2

EDRS
LH D =()" ()'e 4

bl
LH )= () (e “

By Neymen Pearson Lemma theorm

L(H,) _
L(H,)

1, 2%/
(2 ¢ e
Ly Ly
2 \2x

,ZXZJZXV 1
4 <Ka(—)"
° “5

Ka

(

e_ZX% < Ka(%)"

Taking log on both sides

X? 1
=%/ <lu(Ka()")

~¥ X2 <4log( Ka(iz)“)

7

Multiply by -1 on both sides



3 X% > —4log( Ka(%)”)

>X?>C

Is the best critical region to test Ho VS

Probability of type-I error is

P[Reject H,/H, Is true]=a

P[ZXZZCHO]=0¢

z<x 0)/
/O_zHOZ

18.31,

P[Z(Zw) 2
P[;((zlo) >183l =«

L2 L2
AS ;((210) >18.31 Is best critical region for test Hoto =1 s H, o

=2 4t a=5%.
Power of test :

1-B=P[Reject H,/H , Is true]

1-p=P[> X? zCHA]

=P[ ;((210) >9.155]

H,:0? =4

H,:0?=1
Vs

Again

2
s X~=N(0,0%)

_1xe
f(x;o,az):Le e

o227
Then likelihood function is
13 x?
1 1 5 2
L(X:0,0%) =(2)"(—=)"e 2
o 2z

As H,:0? =1



IO RS
L(Hy)=(—==)"e ?
° N2
AS
H, o’ =4

bl
LH =) (e 4

By Neymen Pearson Lemma theorm

L(H,) _
L(H,)

1, 22X/
T e
Ay Ly
N

e_ng+ng < Ka(%)n

Ka

3 2
e ZX% < Ka(%)”

Taking log on both sides

1
35X < LoglKa()")
2 _§ l n
2 X2 LoglKat(,)"]
S X%2>C
2

Is the best critical region to test Ho:o

1 H,:c?=4
T s



QUESTION

f(X:0) == Hy:0=1
Given the following distribution ? 0<X<6 and test the hypothes S
H,:0=2
.BY mean of single observation that is value of ‘X’ what would be the size of ‘a’.

Probability of omitting the type 15t error and what is the probability of omitting type 2" error

B.If we choose the interval
i)X=0.5
ii)1<X<1.5
also obtain power of test.
solution
i)As we know that

a=P[type | error]

a = P[X e%o]

a=P[X =05 ]

a=P[0.5< X <1/6=1]

a=| fl(x) dx/0 =1]

a:I%dx/H:l]

0.5

B=P[type Il error]

— P[X GC%A]
= P[X SO%A]

=P[x <050 ]

—P[0< X <0.5/0=2]



_ f T (X)dx/6 = 2]

0.5

1
=|=dx/6 =2]
I
195
:EJ‘O 1dX

1
= 105-0]

B =025

Power of test :

1-B= 1-0.25
=0.75

i) 1<x<1.5

a=P[type | error]

a=mx69QJ

a=P[l<X <05/0=1]

o= j fl(x) dx/6 =1]

0.5

1.5
1
a=|=dx/0=1
[5ox/o=1
1
At 6=1
a=0

B=P[type Il error]

= P[X GC%A]

=1-P[l< X <1.5/0=2]
1.5

:1-] f (x)dx/60 = 2]
1 at 6=2

1.51
=1-|=dx
151



15
=1—1x|
2
1
=1-—[1.5-1
2[ ]

1
=1-7[05]

=1-0.25

S =075
Now
1-=1-0.75

1-f=0.25



Question

Let ‘P’ be the probability that a coin will turn up head in a single time. In order to test Ho: P=1/2

Vs Ho: P=3/4, coin is tossed 5 times and Ho is reject it means that more than 3 head X >4.
Find

The probability of type 15t and 2" error. Also find"1— ".
solution
Let X denotes the number of heads in testing a coin.
The given p.d.fis
P(X =x)=(C3)P*@-P)>* —(A) ..Nn=5
The critical region is
C={x;x>4} and C*={x;x<3}
Now
o = [Type 1% error]
a = P[xsC / Ho]
=P [reject Ho/Ho is true]
=P[x>4] at P=1/2
=P[x=4 at P=1/2] + P[x=5 at P=1/2]
=(C;)(1/2)*(@/2)+(C)(1/2)°
= (5/32) + (1/32) = 6/32
o =3/16
p=PlxeC"/H,]
[ = [Type 2" error]
=P[x < 4]
= 1P[x =4,
1-[(C2)(3/4)* (11 4) + (C)(3/4)°

| 405 243
1024 1024

1-0.6328
0.3672

Power of test:

1- f=1-0.3672

=0.6328



Question :5

1 2
let X,, X,, X;,...., X, be arandom sample from a density f(X;8) = %e 207 . Find
2
the best critical region and test the hypothesis H, :6=0 vs H, :6’:1.
Solution
The given p.d.fis
F(X0)= L2
, \N27
Taking L.H.F
0 -y O
’ 27
As H,:0=0
1 Ayxe 1 A3 xy?
L(H)=(—)"e 2 As H,:0=1 LH)=(=)"e ?
° N 27 A ' \N27

By Neymen Pearson Lemma theorm

. <Ka
2
1 2 (XY

(Z)e

DR 1 (X-1)°
e { 22 Taking log on both sides

>X* XX o
- == +E—ZXSLogKa
—ZXsLogKa—g

v n
-nX < LogKe ——
2

Multiplying by ‘-1’0n both sides

nx > g (-LogKe)

X >

S|

N LogKa] ~c=1" Logka]
2 n 2

x|
v
@

Is the best critical region to test H;:0=0 vs H, :0=1



Question 6:

Let X;,X,,X5,....,.X,, be a random sample from the density f(X,6) = &% 0< x <o find the best

critical region. Test the hypothesisH : 0 =6, vs H ,:0=0,.

Solution:
The given p.d.f.

f(x,0) ="
Taking likelihood function

L(x) =0"e ?**
As H,60=06,

L(H,) =60 "e %**
And H,60=0, L(H,)=6,"e ">
By Nyman Pearson lemma theorem:

L(HO) < k
L(H) °

O % >x
8 ne—leX - a
1

n
[90 J e*t%ZX*ngX Ska

6

0,

— 0, 2X+0,2X< IOQKQ_OJ kol
6,
2 x(6, —6,) <log KG—OJ ka}
0,

g hIXhIxX < (9_0} k, Taking log on both sides:

ZX< (81_80)
o "
I — | k
L BH
Where c= 6,-86,)
>xX<c

Is the best critical region (BCR) totest H,:0 =60, vs H, 0 =60, when6, >6,.



Question 7:

Let X, X,,..., X, be a random sample from the density f(x;8) = 0" (L— )" *test the
hypothesis H, :0=6, vs. H,:0=6,

Solution:
The given p.d.fis
f(x;0)=60"1-0)""
Taking likelihood function
L(X) = 0™ (—0)">
As H, :0=0,
L(H,)=6,"1-0,)"™
As H,:0=6,
L(H,) =6"1-6)"™
By Neymen person lemma theorem

L(H,)
L(HA) < Ka

602x (1—90 ) n-xx
alZX 1-6,) n-xx a

ARE )
‘91 (1_‘91) -

Taking log on both sides

>x log( %) +(n—2x) log [MJ <log K

) 1-4) )
0, -6, 1-6))
>x log( ;1) +n Iog(—(l_ 01)} >xlog [—(1_91) j <log K,
G,y 1-6,) _ 1-6,)
>x log( 01) X Iog((l_gl)Jg log K, —n Iog((l_el))
0,\ 1-9) B 1-6)
Zx[log(;l) log (—(1_91) J] <log K, n|0g£—(1—¢91)J
1-6,)
log Ka—nlog[ . j
TX < (1-6)

Oy _1onl E—6.)
(Iog( gl) Iog( (1-6) j]
2x<C

Is the best critical regiontotest H :0=6 vsH,:0=6,



Question 8:

Let X,, X,,..., X, be a random sample from the normal distribution with mean 8’ and variance

‘100°. Show that c= [x c< Y] is the best critical region for testing H_ : 60 =75 vs.
H, :60=78.Find n and c such that

(i p[Xl,Xz, X 8%_| } [x >A } 0.05
(i) p[Xl,Xz, X 5/4 } [x >/_| } 0.90

As MISSING
1 7i(><—9)2
f(X)=—"—¢ 20
(X) 10v27

Taking likelihood function

L(X)z(iJn L jne_;’Oz“-g)2
10) \\J2x

As H :0=T75let H :0=¢6

1Y 1 ) -2 2
L(H )= (10} ( — j e 2003 (x-0)

As H,:0=T78let H,:6=6"

N1\ R
PSSR

By Neymen Pearson Lemma theorm

L(H,)
L(H,)

<K«

1 1
e 200300 4 o 2005 (0)® < K

a

1 1
g 200500 2005 (0 < K

a
Taking log on both sides

1 o) 1 302 o log K,
200 200

[2*‘9 +30? < og K,
200

_%[sz +n@? -2Y x0' - =x* _ng"+2¢9”2x]£ log K,

1
——[n@"* -2 x0" —nb"+ 20" x|< log K
200[ 5> >x|<logK,



ng'> 2nX@ n@ 20X
- + + _ <log K,
200 200 200~ 200

n9!2 _ n(9"2
200 200

ZnY 14 I
—W[e ~-0']<log K, +

12 "2
100| log Ka+n9 _ne
X < 200 200
Y n[en . 0!]

Multiplying by -1 so the inequality sign will be changed

12 "2
100 log K, + N~ _n0
B 200 200
n[eﬂ _0!]

c

x|
v

x|
v

Is the best critical region totest H_ :6=6

p[Xl,Xz,...,Xng%_lj: p[iz%o}:o.os

It is given that

C } =0.05ss

o]
X|
[\

=
Q

— o
p>(_92/\/H =0.05

©
N
\Y
3
q|o
|
)
R
Q

=0.05

e}
N
\Y4
Y
—~
[ )
o
\l
(@]
N
N
Q
1l
o
o
ol

Using area table

p[X >1.645|=0.05

{M} =1.645
10

Jn(c-75) =16.45 — (1)

p[xl,xz,...,xng%A}z p[?g%J:O.go



— (o)
px_‘9z/\/H =0.90

=)

z ZM} ~0.90

o

°

z ZM}zo.%
o

Using inverse area table

p[Z > -1.28]=0.90

M —_1.28
10

Jn(c-78)=-12.8 - (2)
Subtract eq (1) and (2)

Jnc—75vn =16.45

Jnc—78/n=-128

3+/n =29.25
_29.25

V=292

Jn=9.75

Square on both sides
N=95.06

Put the value in eq (1)
9.75(c-75)=16.45
9.75c¢-731.25=16.45
9.75¢c=747.7
C=747.7/9.75

C=76.6871



Question 9:

Consider the Cauchy distributionf(x)=__ 1 .
z[l+ (x—6)?]

Find BCR for testing H,: 6 =0 vs H, : @ =1with the value k ,=1and n=1.

Solution:

The given p.d.fis

1

M o

Taking likelihood function

Loo—(4) 21—
7/ [+ (x - 60)?]

As H:0=0
1)’ 1
L(Ho)=(—) .
7 _1_11[1+X)2]
As H,:0=1

RO Y S
T e (-7

By Nyman Pearson Lemma Theorem:

LH)
L(H) -~
1
[+ X)°]
i=1 1 Ska
[+ (x~1)]

ML+ (-1)°]

f[l[1+ X)?

1+ (x—D]? <k
L+x)? ¢

[l+x*+1-2x<1+x°
—-2x<1-2
-2x<-1
Multiply both sides by -1 and reverse inequality

x<1/2



Question 10:
Let X, X, X; ..., X, be a random sample of p.d.f. by form f(x;8) = &’ 0 < x <1.show that

the BCR for testing H,: 0 =1 vs H ,:0=2isofform c=[x;c <T]x].
- i=1

Solution:

as we know that
f(x;0)=&""

Taking likelihood function
L(x)=0" ﬁx‘“
i1
AsH,:0=1
L(H) =" TT (9"

=1

AsH, 0=2

L(H,) =@ T

L(H,)=2"T]x

By Nyman Pearson Lemma Theorem:

L(H,)
L(H )

<k,

Z”Hx

i=1
EENPO

This is required result.



Question:
Describe Nyman Pearson Lemma
OR
Write the importance of Nyman Pearson Lemma?

A method for constructing best critical region (BCR) is available via a theorem
name the Nyman Pearson Lemma.

X o

Let X0 X2:X3 X0 e 3 random sample from f(x.0) where is one of the

‘9, (%

Two values which is known, “° or ! such that (€ =00) or(6=0))]

and let 0<a <:I'"be

fixed. Let Ko be a positive constant and €2 be a subset of A (sample space of the

observation) be which satisfy.

PI(X1, X5, Xgeene ,Xn)eca;go]ngo(XECa) =a

e[,

While

A2k, if (X;,X,,X5,000,X ) EC
And
A<k, i (X;,X5, X500, X, ) EC

Then S« is the best critical region (BCR) of size < for
Hq,0=0,

Vs

H,:0=0,



